The general features of the Møller scattering and its use as an electron polarimeter are described and studied in view of the planned future high energy e + e − linear colliders. In particular the study concentrates on the TESLA collider which may operate with longitudinal polarised beams at a centre of mass energy of the order of 0.5 TeV with a luminosity of about L = 10 33 cm −2 sec −1 .
Introduction
It is for some time that the high energy physics community is of the opinion that in the near future there will arise the need for the facility of a high energy linear e + e − collider with a nominal energy around 0.5 TeV in the centre of mass (CM) system. A conceptual design of such a collider, known under the name TESLA, and its physics program is described in some details in Ref. [1] . It has further been pointed out that the option of longitudinal polarized electron beams in such high energy colliders, like TESLA, will enrich significantly the physics capabilities of the device [2] . The use of polarised beams requires however a continuous monitoring and sufficient accurate measurement of the beam polarisation during the entire collider operation.
In addition to the widely used Compton scattering polarimeter, the e − e − → e − e
−
Møller scattering process has also been utilised to evaluate the polarisation level of the electron beams. Unlike the Compton polarimeter the operation of a Møller polarimeter needs dedicated accelerator runs but its relatively simple construction and operation and the large counting rates makes it nevertheless a rather attractive device.
Several colliders have in fact already used Møller polarimeters to monitor their polarized electron beams. The Stanford Linear Collider (SLC) has primarily used a precise Compton polarimeter to monitor the beam and measure the electron beam polarisation [3, 4] . In addition it has also engaged two single-arm Møller polarimeters for beam polarisation diagnosis. Many fixed target experiments, e.g. those described in references [5] [6] [7] [8] , were running with polarised beams monitored by Møller polarimeters. Finally the Møller like scattering, µe → µe, was used in the SMC experiment at CERN [9] to measure the polarisation of the muon beam.
In this paper we describe the outcome of a detailed study which explored the possibility and feasibility to use the Møller scattering process as a method for the longitudinal polarisation measurement of the TESLA electron beam. In Sections 2 and 3 we describe in some details the various properties of the Møller scattering, with and without polarised beams, and also review some of the technical characteristics of the Møller polarimeters used in recent high energy experiments emphasizing the specific TESLA needs. The expected event rates and the effects of the energy deposition in the target by the electron beam are dealt with in Section 4. In Section 5 we consider two somewhat different methods for the beam polarisation measurement and evaluate their envisaged performance.
The Møller scattering 2.1 The basic formulae
The lowest order e − e − → e − e − Møller elastic scattering diagrams are the tchannel and u-channel γ exchanges 4 shown in Fig. 1 . Each of these two diagrams contributes to the two possible spin configurations of the initial electrons, namely the parallel and anti-parallel states. From the Fermi-Dirac statistics follows that the relative phase between the two diagrams is negative. This has important consequences on the spin dependence of the cross section. For the anti-parallel spin configuration the scattered spins are also anti-parallel. The anti-parallel spin state contains an additional negative phase between the two possible orientations of the outgoing spins. As a result the amplitudes add and the cross section is larger for anti-parallel spin configuration generating a non-zero asymmetry.
The Møller differential elastic cross section at tree level and in the CM system is given by:
for high E 2 CM = s values so that the electron mass squared m 2 e can be neglected. Here: α = the fine structure constant at low energies which is equal to 1/137; θ = the CM frame polar scattering angle; φ = the CM azimuthal angle of the scattered electron; P B L and P T L = longitudinal polarisation of the beam and target; P B t and P T t = transverse polarisation of the beam and target; φ B and φ T = the azimuthal angles of the beam and target transverse polarisation vectors. 4 Despite the high energy of the beam in the laboratory system, the √ s is less than 1 GeV therefore the Z 0 gauge boson exchange contribution is negligible. The longitudinal and transverse asymmetry functions, A L (θ) and A t (θ), are defined as:
and shown as a function of cos θ in Fig. 2 . To note is that both A L (θ) and A t (θ) are small in the forward direction so that the asymmetries are small in the region where the t-channel diagram dominates.
In order to determine the beam polarisation, the rate of the electrons scattered in a given solid angle dΩ is measured in one orientation of the beam and target polarisation vectors ( P B , P T ) and then with the beam polarisation vector inverted i.e., (− P B , P T ). Here the polarisation vectors are defined as
for the target. The longitudinal component, P L , is in the z-direction and P t , the transverse component, is perpendicular to that direction. Thus the two rates which one measures are:
normalised to the same integrated luminosity. From these rates one constructs the asymmetry A R which is equal to: Finally the beam polarisation is extracted from the measured values of A R , the measured target polarisation and the unpolarised asymmetry functions given in Eq. 2.
The expressions given in Eqs. 1 and 3 are derived for the lowest order diagrams for the e − e − → e − e − process. The contributions of higher diagrams, up to order 4 in the fine structure constant α, were in the past investigated in [10] and more recently in [11] . The QED corrections to the Møller asymmetry can be evaluated through the BMOLLR code developed by S. Jadach and B. Ward [12] . This is an O(α) exponentiated Monte Carlo generator for e − e − → e − e − + nγ with any n value.
Some general features
Some obvious features of the Møller scattering can be deduced from Eq. 1.
a) The cross section is seen to diverge at cos θ = ±1. This is due to the fact that the electron mass was neglected. In a rigorous treatment, where m e is not neglected, the Møller scattering formula remains finite even at cos θ = ±1.
4
b) The cross section magnitude decreases as s increases, similar to the one photon annihilation process in e + e − annihilation. c) Only if the beam and the target are simultaneously transverse and/or longitudinal polarised a change in the Møller scattering will be observed. d) In the absence of transverse polarisation the cross section is independent of the azimuthal angle φ. This independence can also be achieved by integrating over the whole azimuthal angle φ provided of course that the experimental setup is φ independent. e) The asymmetry functions reach their maximum at a CM scattering angle of 90 o and approach zero in the forward and backward directions.
Differential cross sections and asymmetries
The cross sections and asymmetries were studied for a set of E B values and several beam-target polarisation configurations where we set everywhere φ B + φ T to zero. In Fig. 3 we show, after integrating over the whole azimuthal angle φ, typical CM polar angular distributions of the Møller scattering at different beam energies scattered by a stationary electron target, without and with longitudinal polarisation characterised by their P 
Møller scattering in the laboratory system
In the collision of two electrons the total centre of mass energy squared s is written in the Lorentz invariant form, and thus valid in any reference system, as: 9
where E B and E T are the beam and target electron energies, θ 1,2 is the angle between the incident particle's momenta and β B,T = p B,T /E B,T are the velocities of beam and target electrons.
At TESLA, where the beam energy is planned to be a few hundreds GeV, one has β B = p B /E B ≃ 1 so that one can neglect m 2 e and Eq. 4 reduces to:
Target electrons at rest
In the approximation that the target electron is in the laboratory system a free particle at rest (β T = 0), the square of the centre of mass energy, s 0 , is given by the expression:
where p B is the beam momentum and m e is the electron mass. The laboratory momentum of the scattered electron , p lab , is given by :
where p * , E * are the momentum and energy of the incident electron in the CM system and γ CM = 1/ 1 − β 2 CM . The relation between the laboratory scattering angle θ lab and the CM scattering angle θ is given by:
where ρ = β CM /β * is the ratio of the velocity of the center of mass system and the velocity of the electron in the CM system. For elastic scattering of a beam electron of E B = 250 GeV on an electron at rest one has m e /E B = 2 × 10 −6 << 1 so that Eqs. 7 and 8 can be reduced to a simpler form.
Using the relation between β CM and γ CM and remembering that
one obtains:
In the CM system of the Møller scattering the momentum and energy of the incident electron are expressed by:
Therefore
Here β * is the velocity of the incident electron calculated in the CM system. Using Eqs. 6, 9 and 12 we rewrite Eq. 7 to be:
From this last equation follows that the momentum of the scattered electron does not depend on the CM total energy, but only on the beam energy and the CM scattering angle. From Eq. 8 one obtains, in a few simple steps, the expression:
Finally in the small angle approximation, where tan 2 θ lab ≃ θ 2 lab , one obtains from Eqs. 13 and 7 that
The single-arm Møller polarimetry is based on Eq. 15 which provides the identification of the elastic e − e − scattering through the relation, in the laboratory system, between θ lab and p lab . In Fig. 7 we show the relation between the centre of mass polar angle θ and the angle of scattered electron θ lab , for three different E B values.
The analysing power of the Møller polarimeter is proportional to the product of the unpolarized cross section and the square of the asymmetry [3] . The optimal scattering angle for polarimetry is thus the one that maximizes the analysing power of the method. For longitudinal polarisation measurements, the analysing power is maximum at θ = 90 o . In Fig. 7 Figure 7: The Møller scattering angle in the laboratory system, θ lab , as a function of θ, the centre of mass angle. The target electron is at rest. The solid line is drawn for E B = 250 GeV , the dashed one corresponds to E B = 200 GeV and the dotted line is for E B = 300 GeV . The insert magnifies the region where the scattering asymmetry is at or near its maximum.
and
, so that for E B = 250 GeV one has:
GeV and θ lab = 2 mrad.
These variables are listed in Table 1 for several beam-target polarisation configurations.
Target electrons with non-zero momentum
In this subsection we evaluate the effects of non-zero momenta of the target electrons on the quantities relevant to the Møller polarimetry. The target electrons are in fact not free particles at rest but are bound to atomic shells which in the case of Fe atoms, move with a momentum in the range of 0 < p T < 200 keV [4] . The kinematic effects of these non-zero momentum target electrons are similar to those produced by the initial state radiation, namely the e − e − CM energy is modified.
The detailed kinematics of the scattering of an energetic electron from a bound state electron moving with momentum p T is discussed in [13] . To leading order, the CM energy is given by :
where p T is the momentum of the target particle and n = p B /p B is the unitary vector pointing in the direction of the beam particle momentum. The presence of non-zero target electron momentum does not modify Eq. 13 but Eq. 15 is changed producing the Levchuk effect namely, the line image in θ lab − 1/p lab space is broader.
Taking into account the corrected CM energy given by Eq. 16, one has to modify Eq. 15 to read:
The laboratory scattering angle is smeared by the square root of the target momentum dependent factor 1 ± p T /m e , the same factor which modifies the CM energy.
In the experiments which operated during the last decade the targets used for the Møller polarimeters have been Fe alloy or pure Fe foils [4, 6, 7] . In these kind of materials the K-and L-shell electrons are unpolarised (with mean momentum of 90 keV and 30 keV) and the polarised ones reside in the M-and N-shells (with 10 keV and 2 keV average momenta). Only two electrons from the M-shell carry the Fe magnetization, out of a total of 26, yielding a maximum target polarisation of 8%.
For the polarised target electrons the smearing factor is small but for unpolarised electrons it can achieve values around 20%. In Fig. 8 we show the dependence of the scattering angle, θ lab , on the CM angle θ for the case of target electrons at In Fig. 9 we plot the momentum of elastic scattered Møller electrons as a function of θ, the centre of mass angle, for E B = 250 GeV. As mentioned earlier, the momentum does not depend on s, the total CM energy squared (see Eq. 13) , therefore it is not modified even when the Fermi motion of the target electrons are accounted for. This means that the lines shown in Fig. 9 are not affected by the Fermi motion of the electrons and have not to be split for M and K atomic shells as is the case in Fig. 8 .
In the case where the electron has a non-zero momentum, the CM energy squared s is given by Eq. 5 using the appropriate |beta T value. (Note that for target electron at rest β T = 0 and one obtains the CM energy squared s 0 ). In order to evaluate the effect of the non-zero momentum target electrons we list in Table 2 the values for E Kinetic T
, E
T otal T and β T for several value of P T and in Fig. 10 we setting β B = 1 and cosθ 1,2 = −1. From Fig. 10 follows that for E B = 250 GeV the factor 1/s, which enters in Eq. 1, changes by about 28% when the target electron momentum increases from 0 to 150 keV.
The effect on the asymmetry however is smaller, namely 10 − 15% and can be estimated by using a proper simulation of the elastic Møller signal (see e.g. reference [4] ). Finally the measured polarisation value is shifted by about 10% pending on the material of the target, the resolution and acceptance of the polarimeter and the analysis procedure.
The correction needed to account for this shift depends on the details of polarimeter construction, the beam parameters and analysis technique as is pointed out in [4] . At SLC the effect was found to be large due to the low emittance of the beam and the fine resolution of the detector. The solution to this problem, already adopted by E143 at SLC and JLAB [5, 6] experiments, is given by adopting the coincidence measurement method using a double-arm polarimeter. These polarimeters have larger acceptance and poorer resolution so that the Levchuk effect was shown to be very small.
A recent study [14] on the performance of the double-arm polarimeter, has discovered a new effect arising from the Fermi motion of the atomic electrons in the target. Namely, that there exists a dependence of the measured Møller asymmetry on the relative position of the detectors in the double-arm operation mode.
Here one should point out that the final decision and the technical design for a Møller polarimeter and the corresponding simulation of the apparatus and its performance have to be postponed until a final design of the collider will be available. 
Beam -Target related features
A technical drawing of the TESLA beam line section near the interaction point (IP), where a Møller polarimeter could in principle be placed, is shown in Fig.  11 . The final design and exact position of the Møller polarimeter however does depend on the choice taken between a single or a double arm device and on the detailed knowledge on the beam transport and background conditions. In these two possibilities the common elements of a Møller polarimeter are: Figure 11 : Technical drawing of a section of the TESLA electron beam line.
• A magnetized target made usually of a Fe or Fe-alloy foil or if available a new type of target (see e.g. Ref.
[19]);
• a set of magnets to steer the scattered electrons;
• A collimator to define the accepted scattering range in the azimuthal angle φ and the (θ min lab − θ max lab ) polar angle interval, for the elastic scattered electrons. This is followed by a dipole magnet that selects electron momenta in the desired range of acceptance;
• Finally the scattered electrons are detected and registered by an electromagnetic detector. To this end one can envisage for example a microstrip Silicon detector coupled to a electromagnetic calorimeter. This will enable to measure simultaneously the position and energy of the scattered electrons.
Expected luminosity
The current design of the TESLA beam consists of the set of parameters given in Ref. [1] and listed here in Table 3 . This information is used here to evaluate the effective luminosity 5 , the expected rate of Møller scattering events and its heating effect on the target due to the energy deposited by the electron beam.
To this end we consider here the following target and electron beam features.
• For the target we take iron alloy foil, frequently used in Møller polarimeters, with the composition 49% Fe(Z=26, A=57.9), 49% Co(Z=27, A=58.9) and 2% Vanadium(Z=23, A=50.9) known under the name Vanadium-Permendur alloy. The electron density ρ target e in such a material is:
where N A is the Avogadro number, ρ is the density of the material andZ,Ā are the mean atomic number and atomic mass of the iron alloy. Taking the density of this material to be ρ = 8.12 g/cm 3 andZ/Ā = 461.7 kg −1 , one obtains:
• For the planned beam current of I beam = 32.6 µA, the number of electrons which hit the target in a time interval of one second is:
Expected counting rates
The counting rate, defined as the number of Møller scattering events/sec, is given by:
where L is the so called effective luminosity. The Møller scattering cross section, σ mol , is the result of the integration of Eq. 1 over the whole azimuthal angle range and over the CM polar angle θ domain | cos θ| < 0.34, chosen for our study, that is: One should point out that the numbers given here are summed over the whole φ angle range from 0 to 2π. In practice, the polarimeter acceptance covers only a small part of this range, denoted here by ∆φ. Therefore the last quoted rate has to be scaled down by the factor ∆φ/2π. For a polarimeter acceptance of ∆φ = 2π/9 rad and ∆θ = 40 o the expected rate is Rate = 7 · 10 4 events/sec = 70 kHz , which is well within the range of the current capabilities of the data acquisition systems used for Møller polarimeters.
The effect of target heating
In this subsection we address the question of the target heating due to the energy deposited by the impinging beam and its possible effect on the polarimeter performance. To this end we consider a Fe alloy foil target having a thickness d = 10µm, and an area of 5 × 10 cm 2 so that the target material seen by the beam is ρ = d ×ρ = 8.12 · 10 −3 g/cm 2 . The target is polarised in saturation out of plane, so that when the target is placed perpendicular to the beam direction the projected longitudinal polarisation of the target electrons are at their maximum 6 .
The mean ionisation energy loss in the target of one 250 GeV beam electron is dE ion /dx| min = 1.4 · 10 6 eV/g/cm 2 (see e.g. Ref. [15] ).
The TESLA beam design envisages a pulse cycle of 5 Hz. The duration of each pulse is ∼ 1 msec followed by a pause of ∼ 199 msec. The energy, E, deposited in the target during one pulse is:
where N pulse e is the number of beam electrons of one pulse hitting the target within the time span of 950 µsec. From this follows that the quantity of energy deposited in the target is 4.6 · 10 17 eV/pulse which is equivalent to 7.4 · 10 −2 J/pulse. The instantaneous temperature rise, over that of the liquid nitrogen, in the target area hit by one beam pulse of 950 µsec is show in Table 4 for several σ x σ y beam profile values calculated for a target thickness of 10 µm. Note that the Iron melting point is at T = 1808 K. This local heating, however, diffuses very fast (10 4 m/sec) by thermal conduction [16] over the whole target area during the 199 msec pause between successive pulses. Therefore the relevant temperature increase is that of the whole target.
Next we express E in terms of ∆T, the temperature increase of the target due 6 If the target is polarised in plane it has to be oriented at an angle ψ relative to the beam with the result that the longitudinal polarisation of the target electrons is reduced to P 
where k = 0.44 · 10 3 J/(kg · • C) is the specific heat of the target material. As the target mass is equal to:
Taking the value E = 7.4 · 10 −2 J/pulse, we obtain from the last equation that
For an exposure time of 1 sec the temperature of the target is estimated to increase by about 2.05 • C. In Fig. 12 we show the behaviour of ∆T ( • C)/pulse as a function of the target area and its thickness. For a wide range of target dimensions the increase in temperature remains well under 0.5
• C per pulse, a very safe limit.
This rise in temperature produces a relatively negligible target depolarisation since the working point 7 at ∼ 110 K lies on the plateau region of the magnetisation curve shown in Fig. 13 . This curve is derived from the equation [17]:
which describes the magnetisation M of the material as a function of T/T c where T c is the Curie temperature, e.g. 1043 K for Fe. For temperatures above T c the spontaneous magnetisation vanishes. As seen from Fig. 13 at room temperature (≃ 300 K) or less, the magnetisation depends weakly on T. Assuming the cooling temperature of the target to be 110 K, the increase ∆T of the temperature given in Table 4 corresponds to a change in the magnetisation of ∆M = 0.3 % for a beam profile of σ x σ y = 4 mm 2 . Thus the heating of the target does not damage its magnetisation and the corresponding polarisation characteristics. Finally, the danger of a target overheating can also be avoided by periodically switching the foils and cooling them outside the beam or design a rotating target so that successive bunches will hit different regions of the Fe foil. 7 The target is constantly cooled with liquid nitrogen down to about 110 K.
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Measurement of the beam polarisation
The level of the electron beam longitudinal polarisation P B L is extracted from the measured A R asymmetry defined in Eq. 3, which is calculated from the results of the two measured rates obtained from the Møller scattering with two different relative orientations of the beam and target polarisation vectors. To this end we consider two possible variations for the polarisation evaluation:
• Integrated polarisation measurement
In this method the number of Møller scattering events is summed over the whole polarimeter acceptance region. If we denote by N + and N − the recorded scattered events in the relative parallel and anti-parallel beam and target polarisation vectors, properly normalised and corrected for efficiency, then the measured A R asymmetry is given by (N + − N − )/(N + + N − ). The final beam polarisation is then derived from this measured asymmetry and the known target polarisation.
• Differential polarisation measurement
If the polarimeter is equipped with a detector which measures also the momentum of the Møller scattered electrons one is able not only to measure the total rate of the scattering events but also their momentum distribution. This allows a more precise measurement of P B L and facilitates a better control of possible systematic effects. Moreover it allows to optimise the the polarisation measurement even in those cases where the beam is tuned to an energy somewhat different from its nominal designed value, e.g. 250 GeV in TESLA. In the differential polarisation measurement one considers the momentum distribution of the scattered electrons. For a given set N p of p lab momentum bins the numbers n 
Integrated polarisation measurement
The numbers of elastic Møller scattering events are counted for two different relative beam-target polarisation vectors, namely ( P B , P T ) and (− P B , P T ). The number of Møller events integrated over the range x min to x max where x is defined as:
and summed over the measurement time T + and T − are given by:
where ε + (x) and ε − (x) describe the efficiencies of the polarimeter as a function of x and L + and L − are the luminosity values for the parallel and anti-parallel beam-target spin states. The functions dσ/dx and A L (x) are the unpolarised Møller cross section and the asymmetry. These are given by the expressions:
Eqs. 28 and 29 are derived from Eqs. 1, 2 and the relation 13 after integration over the whole azimuthal angle range.
To evaluate the polarimeter performance we choose our optimal measurement domain the one shown by the stripped area in Fig. 9 , which confines the x range to the limits x min = 0.66 and x max = 1.34 . For simplicity we consider the case where the integrated luminosities and efficiencies for the parallel and anti-parallel polarisations of the beam and target electrons are the same i.e., L + T + = L − T − and ε + (x) = ε − (x) = ε(x). The experimental measured asymmetry A exp is written as:
where the mean value < A L > is given by:
24
Thus the beam polarisation,
is proportional to the inverse of the mean longitudinal asymmetry. The relative error of the measured beam polarisation P B L is evaluated from Eq. 32 to be:
where the error on the measured asymmetry is :
Here N is the total scattering events number recorded within the domain x min − x max i.e.,
By using Eqs. 34 and 32 we can rewrite Eq. 33 as follows:
Since the term (P Table 4 ), it is negligible in comparison to 1, so that one can simplify Eq. 35 to:
Thus the time t Int needed to reach a desired relative polarisation precision ∆P
is given by:
which corresponds to the number of scattering events
needed to perform the polarisation measurement. In Table 5 we present the characteristic unpolarised cross section and the averaged asymmetry values for several x min − x max regions around θ = 90 o which may be of interest in a Møller polarimeter design. In Table 6 we list some of the values concerning the characteristics and performance of a TESLA Møller polarimeter. Using Eqs. 30 and 34 and the values listed in columns 1 to 3 of the Table 6 , we calculated the number of events needed to obtain a relative statistical error of 0.5% for the measured asymmetry A exp . From this we obtain the needed number of events and the corresponding run duration for a beam polarisation measurement with a over-all relative error of 1% including an assumed 0.7 % systematic error. These values are shown in the last two columns of Table 6 . The precision expected from the TESLA polarimeter in a measurement duration of 100 sec is compared in Table 7 with three existing Møller polarimeters attached to high energy electron accelerators.
Differential polarisation measurement
The distribution of the measured momentum of the Møller scattered electrons is grouped in several x i regions. In each region the recorded Møller scattering events with parallel and anti-parallel spin configurations are given by:
where dσ/dx and A L are the unpolarised Møller cross section and the asymmetry given in Eqs. 28 and 29.
The experimental asymmetry, in a given x i bin, is expressed in terms of the beam and target polarisations as:
As previously this formula is for the case where the integrated luminosities and efficiencies for the parallel and the anti-parallel electrons polarisation are identical. Specifically this means L + T + = L − T − and ε + = ε − . For each bin one can then evaluate the beam polarisation as:
The final beam polarisation is obtained as the weighted mean of the measured polarisations P B,i L , i.e.:
The calculation of the relative error, (∆P 
which translates to the needed scattering events
Here it should be noted that the differential method is more sensitive than the integrated one, i.e. a smaller number of events is needed to achieve the same relative P B L precision measurement. Another advantage of this method is the fact that it permits a better control on systematic errors and background contributions.
Above all the differential polarisation measurement allows to handle also cases where the linear collider runs at beam energies slightly away from the nominal designed beam energy, which in the TESLA case is 250 GeV. In fact one cannot exclude the necessity to operate the collider at beam energies away by several GeV from the nominal value due to technical problems or physics needs. If the beam energy changes the p lab value corresponding to θ = 90 o is moving and therefore a momentum measurement of the Møller scattered electrons will still allow to utilise those scattered events which yield the maximum precision. This is best illustrated in Fig. 14 Fig. 9 . Table 7 : A compilation of several relevant parameters of three existing Møller polarimeters, at high energy electron experiments, compared to a possible polarimeter configuration for TESLA. The θ lab and p lab values are calculated for θ = 90 o . The relative precision of the longitudinal beam polarisation measurements ∆P e /P e is also listed. The given value for TESLA corresponds to a measurement duration of 100 sec (see Table 6 ).
